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The ability of a body-centered cubic metal to deform plastically is limited by the thermally acti-
vated glide motion of screw dislocations, which are line defects with a mobility exhibiting complex
dependence on temperature, stress, and dislocation segment length. We derive an analytical expres-
sion for the velocity of dislocation glide, based on a statistical mechanics argument, and identify
an apparent phase transition marked by a critical temperature above which the activation energy
for glide effectively halves, changing from the formation energy of a double kink to that of a single
kink. The analysis is in quantitative agreement with direct kinetic Monte Carlo simulations.
The rate of plastic deformation of a body-centred-cubic
(bcc) metal depends strongly on temperature, with pure
iron notoriously becoming brittle below freezing [1]. The
temperature of this brittle-to-ductile transition, where
the metal is brittle at a low temperature and is ductile
at an elevated temperature, is raised by up to hundreds
of degrees after irradiation by highly energetic particles,
which leads to stringent requirements on the minimum
operating temperature of ferritic steels and other bcc ma-
terials for technological applications in a radiation envi-
ronment [2–4]. In order to predict how the mechanical
properties vary over the service lifetime of a structural
component exposed to radiation at elevated tempera-
tures, it is desirable to develop an explicit model, relating
microstructural changes to plastic deformation.
The principal rate-limiting mechanism for plastic de-
formation in bcc metals is the thermally activated motion
(glide) of screw dislocations [5], which are topological line
defects in the crystal lattice, acting as carriers of plastic
deformation. A screw dislocation can be approximated
by an elastic line placed in a periodic Peierls potential
[6, 7], driven by shear stress and by random thermal
noise from the surrounding crystal lattice [8, 9]. At low
stresses, screw dislocations move by the kink mechanism,
in which thermal fluctuations first lead to the nucleation
of a pair of kinks into the next valley of the Peierls po-
tential, which then subsequently diffuse athermally along
the dislocation [10] to advance the rest of the line by a
discrete amount. As a result, one would expect the ac-
tivation energy characterising the plastic strain rate to
be close to the formation free energy of a kink pair 2fk.
However, in an apparent contradiction to this argument,
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FIG. 1. Left: Example microstates of a screw dislocation (n =
9). Right: Entropy as a function of reciprocal temperature
β = (kBT )−1 computed using the free energy model (19). The
entropy becomes extrinsic for temperatures above a certain
critical value, indicated by a dashed line in the right panel,
see equation (8).
experimental observations of the brittle-to-ductile tran-
sition in high-purity bcc metals appear to exhibit acti-
vation energies closer to the formation free energy of a
single kink fk [1, 11–13].
Swinburne and Dudarev [13] offered a resolution to
this contradiction by proposing a critical transition in
the activation energy for dislocation glide. By analyzing
kink populations on a dislocation in thermal equilibrium,
they concluded that a dislocation segment longer than a
certain temperature-dependent critical length L∗ glides
with an activation energy of fk, while shorter dislocation
segments glide with an activation energy of 2fk. This
conclusion is also reached in the kink diffusion model by
Hirth and Lothe [14], based on an argument that kinks
start annihilating if the line length exceeds the mean
spacing between thermal kinks ∼ L∗ [15, 16]. The seg-
ment length-dependent mobility affects the ability of a
screw dislocation to unpin from obstacles [13], and as
such has major implications for the predictive interpreta-
tion of experiments on obstacle hardening and embrittle-
ment. Yet despite the extensive use of screw dislocation
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2mobility laws in coarse-grained methods for modelling
plastic deformation [17–20], to our knowledge there is still
no suitable analytical expression able to capture the full
complexity of dislocation mobility, consistent with the
microscopic statistical mechanics description of a fluc-
tuating dislocation line, including the critical transition
noted above.
In this letter, we give a closed-form expression for
the glide velocity of a screw dislocation in the kink-
limited regime as a function of temperature, resolved
shear stress, and segment length. This analytical model
explicitly captures the critical transition, and is in quan-
titative and qualitative agreement with kinetic Monte
Carlo (kMC) dislocation dynamics simulations.
The model describes a screw dislocation, moving in a
glide plane, by a set of n ∈ Z+ displacement variables
ui adopting integer values and satisfying the Born-von
Karman periodic boundary condition un+1 = u1. The
dislocation line is spanned by points (ib, hui), where i
is an integer, b is the Burgers vector length and h is
the distance between the adjacent Peierls valleys. A site
i may accommodate any number of left kinks (ui+1 −
ui > 0) or right kinks (ui+1 − ui < 0), or no kinks at all
(ui+1−ui = 0). The positioning of kinks along the line is
enough to uniquely characterise a line configuration, and
in what follows we define the set of microstates as the set
of all the unique line configurations. Some representative
line configurations are illustrated in Fig. 1.
The coarse-grained Hamiltonian of a dislocation line in
the absence of external stress is
H = fk
n∑
i=1
|ui+1 − ui| = 2rfk, (1)
where fk(T ) is half the free energy of formation of a kink
pair [21] and r is the number of kink pairs on the line. In
this representation a kink is described as a quasiparticle
with a distinct free energy of formation fk(T ), with the
dependence on temperature originating from the coarse-
grained atomic degrees of freedom [22]. This model is
closely related to the discrete Gaussian model [23].
Equilibrium properties.— The atomic lattice acts as a
heat bath with temperature T . In the absence of applied
stress, biasing the motion of the dislocation line, or in
other words in the limit σ = 0, the microstates containing
identical numbers of kinks are degenerate. The system
equilibrates, with thermal fluctuations giving rise to a
balanced rate of creation and annihilation of paired left
and right kinks. Placing first r left kinks on n available
sites, and subsequently r right kinks on n− r remaining
sites, we find the canonical partition function
Z =
bn/2c∑
r=0
(
n
r
)(
n− r
r
)
zr = 2F1
( 1
2 − n2 ,−n2 ; 1; 4z
)
, (2)
where z = exp(−2βfk), β = (kBT )−1 is the reciprocal
temperature, kB is the Boltzmann constant, and bxc is
the floor function. The above summation result is exact,
and is expressed in terms of a hypergeometric function
2F1(a, b; c;x) [24]. A similar partition function was pre-
viously investigated in the limiting case where left and
right kinks were assumed to be indistinguishable [13].
The exact solution expressed as a hypergeometric func-
tion is not conducive to further analysis. Hence in what
follows we restrict the discussion to the kink-dominated
mobility regime, where z  1. In this limit, pertinent
to virtually all the conditions encountered in experiment
[25], the partition function is given by the expression
Z ≈ I0(2n
√
z) (z  1) (3)
where I0(x) is the modified Bessel function of the first
kind of order zero. We refer to Appendix A for the de-
tailed derivation.
Since the system studied here has a finite size n, the
entropy S = ∂T (kBT lnZ) is not necessarily extrinsic.
This is particularly evident in the low temperature (LT)
limit, where
SLT
n1≈ n2z[kB + 2fk(T )/T − 2f ′k(T )]+O(z2). (4)
In the high temperature (HT) limit, entropy has the form
SHT
n1≈ 2n√z[kB + fk(T )/T − f ′k(T )]+O(z). (5)
As a function of system size and temperature, entropy
changes from being intrinsic (SLT ∝ n2z) at low temper-
ature to being extrinsic (SHT ∝ n
√
z) at sufficiently high
temperature. Furthermore, the argument of the expo-
nential function, dominating the variation of entropy as
a function of temperature, effectively halves in the high
T limit, from 2fk (where S ∼ z = exp(−2βfk)) at low
temperature to fk (where S ∼
√
z = exp(−βfk)) at high
temperature, in agreement with Refs. [13, 14, 26].
In what follows, we define the critical temperature T ∗
as a temperature of a transition between the intrinsic
and extrinsic regimes for a given dislocation segment size
n. To illustrate the nature of this transition, consider
for example the mean number of kink pairs 〈r〉 on the
dislocation line
〈r〉 = −β−1 ∂
∂fk
lnZ = 2n
√
z
I1(2n
√
z)
I0(2n
√
z) , (6)
where I1(x) is the modified Bessel function of the first
kind of order one. Similarly to entropy, the expression for
ln 〈r〉 exhibits a change of slope as a function of reciprocal
temperature. β∗ = (kBT ∗)−1 corresponds to the point
where the change of slope is maximum:
0 = ∂
3
∂β3
ln 〈r〉
∣∣∣∣
β=β∗
. (7)
The value of T ∗ defined by this equation depends both
on the length of the dislocation segment n and the free
energy of formation of a kink pair 2fk. The resulting
expression for the root of equation (7) does not admit
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FIG. 2. Left: The average expected number of kink pairs 〈r〉
computed as a function of the scaled reciprocal temperature
for dislocation segment lengths n = 10, 100, and 1000. Right:
the peak of the second-order derivative −∂2β ln 〈r〉 marks the
critical temperature (dashed lines), see Eq. (8).
an analytical solution as it depends on the free energy
function fk(T ). Approximating the free energy of forma-
tion of a kink pair by a linear function of temperature
fk(T ) ≈ a0 + a1T , which is motivated by atomistic free
energy simulations in tungsten [22], we find that the crit-
ical temperature satisfies the following implicit equation
n = ξ exp
(
fk(T ∗)
kBT ∗
)
, (8)
where ξ = 0.95483 is a numerical constant.
The Arrhenius plot in Fig. 2 shows the dislocation seg-
ment size scaling of the transition. We note that this
critical transition is not a conventional thermodynamic
transition, as it occurs in a finite size system. A related
apparent roughening transition is also found in the sine-
Gordon model [27], which is a continuum equivalent of
the discrete Gaussian model [28].
Non-equilibrium steady state.— The introduction of
bias in the form of applied shear stress drives the dis-
location line out of equilibrium. The rate of nucleation
and propagation of kinks in the direction favoured by
the applied bias is higher, while the processes occurring
against the bias are suppressed. The presence of bias
eventually gives rise to the steady-state drift of the dis-
location line. With no loss of generality we restrict the
following discussion to the case σ > 0.
To evaluate the mean glide velocity, one needs to know
the probability of occurrence of any microstate and its
associated rate of escape into the connected microstates.
We describe the kinetics of the line as a sequence of fun-
damental reactions, where each involves moving just one
line segment at a time, either in the positive (ui → ui+1)
or negative (ui → ui − 1) sense with respect to the bias-
ing direction. Each positive or negative reaction thereby
changes the mean position of the line by ±h/n. The re-
action rates are distinguished by whether the reaction
results in motion of a kink or creation of a kink pair:
1. If the reaction ui → ui± 1 increases the number of
kinks on the line, a kink pair is created with rate
k±c .
2. If the reaction ui → ui±1 conserves or reduces the
number of kinks on the line, a kink is moved with
a rate k±m.
For the sake of simplicity we assumed that the process
of a kink pair annihilation is equivalent to a right kink
moving to a site containing a left kink, or the other way
around.
We begin by expressing the non-equilibrium dynam-
ics of the system in terms of a Markov chain [29], as
this will allow to systematically introduce the approx-
imations required to arrive at an analytical expression
for drift velocity. Let the state vector (pim)i contain the
relative number of visits to microstate Ci after m reac-
tions. The normalization
∑
i(pim)i = 1 applies because
no sinks or sources are present. Depending on how the
kinks are distributed in Ci, a microstate may reach a
connected microstate Cj through one of the fundamental
reactions with rate kij . Defining ki =
∑
j kij as the total
escape rate out of Ci, the transition matrix is obtained
as (P)ij = kij/kj . The state vector is then iterated ac-
cording to:
pim+1 = pim · P (9)
The state vector converges independently of the initial
value pi0 to the same steady state limm→∞ pim = pi. Ex-
pectation values 〈x〉 in the steady state are obtained by
the mean outcome xi weighted by the average time piik−1i
spent in a given microstate :
〈x〉 =
∑
i
xipiik
−1
i∑
j pijk
−1
j
=
∑
i
pixi, (10)
where pi is the probability for the system to be in mi-
crostate Ci.
The outcome for velocity vi of a microstate Ci is ob-
tained as the net balance between escape rates associated
with reactions moving the line in the positive or negative
sense with respect to the direction of applied stress
vi =
h
n
(
n+i,ck
+
c − n−i,ck−c + n+i,mk+m − n−i,mk−m
)
, (11)
where n±i,ε is the number of microstates connected to Ci
that can be reached by a fundamental reaction occurring
at rate k±ε .
The transition matrix can only be built explicitly for
small systems as the number of microstates scales expo-
nentially with n. An exact solution for the drift velocity
is consequently unfeasible. Instead we introduce a series
of approximations that eventually lead to an analytical
solution.
First, we reduce the dimension of the state vector by
partitioning microstates with similar probability of oc-
currence into non-overlapping groups Pα, each contain-
ing a certain number of microstates Nα. Next, we as-
sume that the partitioning was chosen such that all the
4microstates Ci ∈ Pα in a group occur with approximately
equal probability pi ≈ N−1α pα, namely
〈x〉 =
∑
i
pixi ≈
∑
Pα
N−1α pα
∑
i∈Pα
xi =
∑
Pα
pαxα, (12)
where
xα = N−1α
∑
i∈Pα
xi (13)
is the group-averaged outcome.
In practice, we choose to put together all the mi-
crostates with the same number of kink pairs r into a
group Pr. This is motivated by the fact that the rate
of kink motion is much higher than the rate of kink cre-
ation, allowing the system to rapidly explore microstates
with the same kink number between the reactions leading
to the creation of kink pairs. The description could be
improved by further grouping the states by area A, but
this results in a severe combinatorial challenge [30]. In
the limit where the bias is relatively weak, the occupation
probability pr of a group Pr will be very close to the equi-
librium occupation probability peqr . Equating the identity
Z =
∑∞
r=0 p
eq
r with the expansion Z =
∑∞
r=0 n
2rzr/(r!)2
of Eq. (3), we find
〈x〉 ≈ 〈x〉eq =
1
I0(2n
√
z˜)
∞∑
r=0
n2r
(r!)2 z˜
r xr, (14)
with z replaced by the normalized average rate of cre-
ation of kink pairs z˜ = (k+c + k−c )/(2k0) to approxi-
mately account for the biased creation of kink pairs in
the preferred direction, with k0 = k±c |σ,T=0. Note that
the linear-response formalism is recovered by choosing
z˜ = z. In practice we find that the average rate gives an
improved agreement at high stresses, see Appendix for a
comparison.
Following Eq. (13), we proceed to determine the group-
averaged line velocity vr. To achieve this, we need to
evaluate the total number of configurationally permitted
escape reactions from a set of microstates in Pr. The
resulting combinatorial problem can be solved exactly,
provided that we restrict a site on the line to accommo-
date at most one kink. The exact solution is possible,
it involves hypergeometric functions and is presented in
the Appendix for the sake of completeness. Here we con-
tinue with one final approximation. Bearing in mind that
the approximations taken so far are valid in the kink-
dominated regime z  1, where the kink density is low
[25], the number of microstates where kinks overlap is
very small in comparison with the number of microstates
where kinks do not overlap. Hence the number of mi-
crostates connected to a given group Pr can be well ap-
proximated by considering every site to be free for kink
nucleation (n±r,c ≈ n), and every kink to be free to move in
either direction along the line (n±r,m ≈ 2r). Using this ar-
gument, we arrive at an expression for the group-average
velocity in the form
vr ≈ h
Nr
[
n(k+c − k−c ) + 2r(k+m − k−m)
]
, (15)
where Nr = n2r/(r!)2 is the number of microstates con-
taining r kink pairs. Substituting (15) into (14) and ex-
pressing the sums as Bessel functions, we arrive at the
central result of this manuscript, the approximate ana-
lytical expression for the glide velocity:
〈v〉eq ≈ 2h
√
z˜(k+m − k−m)
I1[2n
√
z˜]
I0[2n
√
z˜]
. (16)
The term associated with the formation of kink pairs
is not included as it is negligible in the kink-dominated
regime z  1. The assumptions leading to the deriva-
tion of the drift velocity are only strictly valid in the
limit z  1, pertinent to the overwhelming majority of
experimental conditions [25]. Leaving out the kink pair
formation term has a simple but clear benefit of extend-
ing the single kink regime in the drift velocity without
the onset of saturation effects at z ∼ 1 and beyond
lim
z˜→∞
〈v〉eq = hk0 exp(−βfk), (17)
which allows the velocity law to be manually extended at
any point by interpolating it to other expressions describ-
ing dislocation mobility in the viscous drag or high-speed
regime [26]. In the Appendix B we present an expression
for glide velocity derived using the exact combinatorics
of non-overlapping kinks, and demonstrate that the ap-
proximate expression (16) is entirely consistent with the
exact approach in the kink-dominated mobility regime.
Comparison to kMC.— We implemented a rejection-
free kMC algorithm [31] to propagate the line and ex-
tract the mean glide velocity. While kMC does not pro-
vide closed form analytical expressions for the expecta-
tion values, it serves as a reference for the approximate
analytical solution (16). We used the following model
rates for the fundamental reactions:
k±c = k0 exp [−2βfk(±σ, T )]
k±a = k0
k±m = k0 ± bσ/(2γ),
(18)
and an expression for the free energy of a kink from Ref.
[13]
fk(σ, T ) = Uk
(
1− T
Tath
− σ/σP1− T/Tath
)
. (19)
A 12 〈111〉 screw dislocation in iron is described by the
following set of atomistically obtained parameters b =
2.47 A˚, Uk = 0.33 eV [32], Tath = 700 K [33], σP =
900 MPa [34], and kink dissipation γ = 1.83 mups−1
[10]. Rates k±m are derived by equating the mean ve-
locity of a kink under shear stress [10] 〈v〉 = bhσ/γ
with the net stochastic drift 〈v〉 = h(k+m − k−m), where
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FIG. 3. Glide velocity of a segment of a 12 〈111〉 screw dis-
location in bcc iron with length L = nb under shear stress.
Analytical velocities (lines) from Eq. (16) are consistent with
velocities from kMC simulations (dots). Arrows mark the
predicted values of the critical temperature at which the ac-
tivation energy changes from a kink pair 2fk to a single kink
fk. Dotted lines show Arrhenius rates for single kink (Uk)
and kink pair (2Uk) activation energies to guide the eye.
k±m ∼ k0(1 ± ασ), and subsequently solving for α. Es-
timating k0 from the Debye frequency ∼ 10 ps−1 gives
k±m = k0(1 ± 0.004 MPa−1σ). We assume that the en-
ergy barrier to kink pair formation is equal to the free
energy of formation, which is consistent with the mini-
mum energy pathways for kink formation obtained from
atomistic simulations [22, 32, 35, 36].
We ran kMC simulations for two dislocation segment
lengths n = 50 and 250 for a range of stresses and temper-
atures for which fk > 0, see Fig. 3. Statistical uncertain-
ties in the velocities obtained by kMC simulations are be-
low 3 %. The analytically computed velocities (16) are in
quantitative agreement with velocities derived from kMC
simulations. An estimate for the critical temperature for
a gliding screw dislocation is obtained by analogy with
the equilibrium case (8) using the condition n = ξ/
√
z˜∗.
The largest discrepancy is found for σ = 150 MPa at low
temperature, where the analytical expression for velocity
overestimates the velocity found in kMC simulations by
about 50 %, which is expected since the linear response
approximation underlying the derivation assumes the low
stress limit.
Using the analytical expression (16), it is possible to
predict the velocity of a gliding screw dislocation for any
bcc material as a function of temperature, stress, and
length; provided a model for the free energy of formation
of a kink is available. Parameters Uk and σP are read-
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FIG. 4. Glide velocity of a 12 〈111〉 screw dislocation segment
with length L = nb under a resolved shear stress of 50 MPa
in a selection of bcc materials, predicted using Eq. (16) with
parameters from Tab. I obtained from experiments. Velocities
larger than 2× 103 m/s are not plotted since the model is not
suited to describe dislocation velocities approaching the speed
of sound in the material.
TABLE I. Materials parameters for kink formation energy
(19). Athermal temperatures and kink mobilities are esti-
mated by scaling the value for iron by the ratio of melting
temperatures (Tath = 700 K × Tmatmelt/TFemelt) and shear moduli
(α = 0.004 MPa−1 × µmat/µFe), respectively.
material Uk (eV) σP (MPa) Tath (K) α (MPa−1)
V 0.27 [11] 350 [37] 840 0.003
W 1.05 [11] 960 [38] 1400 0.009
Fe 0.33 [11] 390 [38] 700 0.004
Mo 0.49 [11] 730 [38] 1100 0.007
Nb 0.34 [39] 415 [38] 1100 0.002
ily available from experimental studies [11, 25], while we
infer Tath and k±m by scaling the parameters for iron, see
Tab. I. The glide velocities of a screw dislocation segment
under a resolved shear stress of 50 MPa in bcc metals W,
Mo, Nb, V, and Fe, are shown in Fig. 4, assuming at-
tempt rate k0 = 10 ps−1 and kink height h =
√
2/3a.
Concluding remarks.— We derived an analytical ex-
pression for the thermally activated glide velocity of a
screw dislocation segment of arbitrary length in a bcc
metal, driven by external stress. The model accounts
for formation energies and rates of fundamental reac-
tions involving kinks, which are accessible to atomistic
simulations [10, 40–42], and as such is generally trans-
ferable across bcc metals. We show that the activation
energy for dislocation glide is halved at high tempera-
6ture, as the system crosses a critical transition into the
thermodynamic limit. The mobility law generalizes past
formulations of kink-limited motion of screw dislocations.
We note that dislocation mobility enters the viscous drag
regime [26, 43] for fk . 0, which lies outside the scope of
this work.
Our model shows that the activation energy for plas-
tic deformation can indeed be lowered to fk, however, it
also suggests that the activation energy should be closer
to 2fk in irradiated microstructures, as the mean dislo-
cation length is reduced by radiation defects acting as
dislocation pinning points [13]. The dynamics of screw
dislocations terminating at features often found in real-
istic microstructure, such as junctions, grain boundaries,
or surfaces, is a largely unexplored area. We hence em-
phasize the need for atomistic studies of kinetics of such
systems in order to fully classify the rate-limiting mecha-
nisms contributing to plastic deformation of bcc metals.
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Appendix A: Derivation of the approximate
partition function
The canonical partition function (2) is transformed to
a double summation in anticipation of the following ma-
nipulations:
Z =
bn/2c∑
r=0
2r∑
s=0
(
n
2r
)(
2r
s
)
δrsz
r. (A1)
Using the integral representation for the Kronecker delta
symbol
δrs =
1
2pi
2pi∫
0
dξ ei(r−s)ξ (A2)
and the expression
bn/2c∑
i=0
(
n
2i
)
x2i = 12(1 + x)
n + 12(1− x)
n, (A3)
we write
Z = 12
2pi∫
0
dξ
bn/2c∑
r=0
(
n
2r
)
zreirξ
2r∑
s=0
(
2r
s
)
e−isξ
= 12
2pi∫
0
dξ
bn/2c∑
r=0
(
n
2r
)
zreirξ
(
1 + e−iξ
)2r
= 12
2pi∫
0
dξ
bn/2c∑
r=0
(
n
2r
)[
2
√
z cos (ξ/2)
]2r
= 12
2pi∫
0
dξ
[
1 + 2
√
z cos ξ
]n (A4)
= 12
2pi∫
0
dξ exp
[
n ln
(
1 + 2
√
z cos ξ
)]
. (A5)
Since in the kink-dominated regime we have
√
z  1,
the logarithmic term in the above equation can be sim-
plified using a Taylor expansion and neglecting the terms
quadratic in
√
z, leading to the expression
Z ≈ I0(2n
√
z), (A6)
where I0(x) is the modified Bessel function of the first
kind of order zero. We note that the exact solution in
terms of the hypergeometric function is identified as the
integral (A4).
Appendix B: Statistics of the exact partition
function and comparison to kMC
In the manuscript we defined the critical value T ∗ as
the point where the change of slope of ln 〈r〉 is maximal
under the approximation that the free energy of forma-
tion of a kink pair is given by a linear function of tem-
perature. The same procedure is repeated for the exact
partition function (2) with the mean number of kink pairs
〈r〉 = 2n(n− 1) 2F1
( 3
2 − n2 , 1− n2 ; 2; 4z
)
2F1
( 1
2 − n2 ,−n2 ; 1; 4z
) . (B1)
This time the stationary point depends on system size n,
therefore we investigate the equation numerically on the
interval n ∈ [101, 105], leading to the following implicit
equation:
n = ξ(n) exp
(
fk(T ∗)
kBT ∗
)
, (B2)
where ξ(n) in the limit n  1 is well approximated by
the series
ξ(n) = 0.9548 + 1.2938
n
− 7.1232
n2
+ . . . (B3)
7It is remarkable that for large systems, where n → ∞,
the scaling function ξ(n) becomes identical to the nu-
merical constant ξ = 0.9548 determined for the approxi-
mate partition function. In the exact partition function
we permit up to one kink per site, and hence do not
include microstates with overlapping kinks. As the sys-
tem size becomes large, for a given number of kink pairs
r, the number of microstates with overlapping kinks be-
comes negligible compared to the number of microstates
with non-overlapping kinks, which reaffirms that the ex-
act and approximate partition functions are equivalent
at low kink densities.
The drift velocity for the system described by the exact
partition function is determined in the linear response
approximation
〈v〉eq = Z−1
bn/2c∑
r=0
(
n
r
)(
n− r
r
)
z˜rvr, (B4)
where Z = 2F1
( 1
2 − n2 ,−n2 ; 1; 4z˜
)
is the exact partition
function. As before, we put together all the microstates
with the same number of kink pairs into a group Pr.
It remains to determine the group-averaged line veloc-
ity vr (13), which requires knowledge of the total number
of microstates connected to each group n±r,ε =
∑
i∈Pr n
±
i,ε
for each fundamental reaction or process. This combi-
natorial problem is exactly solvable for non-overlapping
kinks. We begin by considering the process of kink
pair annihilation, here explicitly included for complete-
ness with a rate consistent with kink motion k±a = k±m.
Any microstate Ci with non-overlapping kinks can equiv-
alently be described by a sequence of horizontal steps h,
left kink steps l, and right kink steps r, with the number
of l and r steps each being equal to r. A process of kink
pair annihilation advancing the line towards the biasing
direction is described by a subsequence (l,r) in position
(i, i + 1) modulo n turning into the subsequence (h,h),
with the rest of the line remaining unchanged. There are
n ways to choose i, and of the remaining (n− 2) sites we
need to choose (r − 1) steps of l and r each, giving the
total number of annihilation processes in Pr as
n±r,a =
∑
i∈Pr
n±i,a = n
(
n− 2
r − 1
)(
n− r − 1
r − 1
)
, (B5)
where we used n+i,ε = n−i,ε due to symmetry. Next,
we recognize that the total number of pair annihilation
processes in group Pr corresponds precisely to the total
number of pair creation processes from Pr−1, leading to
n±r,a = n∓r−1,c. We use a similar argument to determine
the number of processes of kink motion advancing the line
towards the biasing direction, with a process described by
either subsequence (r, h) turning into (h, r), or (h, l)
turning into (l, h). The resulting group-averaged veloc-
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FIG. 5. Glide velocity of a segment of a 12 〈111〉 screw dis-
location in bcc iron with length L = nb under shear stress.
Analytical velocities (lines) following from the exact parti-
tion function (B7) are consistent with velocities from kMC
simulations with non-overlapping kinks (dots). See caption of
Fig. (3) for more information.
ity equals
vr =
h
Nr
[(
n− 2
r
)(
n− r − 2
r
)
(k+c − k−c )
+2
(
n− 2
r − 1
)(
n− r − 1
r
)
(k+m − k−m)
+
(
n− 2
r − 1
)(
n− r − 1
r − 1
)
(k+a − k−a )
]
,
(B6)
where Nr =
(
n
r
)(
n−r
r
)
is the number of microstates con-
taining r kink pairs. Substituting (B6) into (B4), we
arrive at the analytical expression for the glide velocity:
〈v〉eq = 2F1
( 1
2 − n2 ,−n2 ; 1; 4z˜
)−1
×h
[
(k+c − k−c ) 2F1
( 3
2 − n2 , 1− n2 ; 1; 4z˜
)
+z˜(k+a − k−a ) 2F1
( 3
2 − n2 , 1− n2 ; 1; 4z˜
)
+2z˜(n− 2)(k+m − k−m) 2F1
( 3
2 − n2 , 2− n2 ; 2; 4z˜
) ]
.
(B7)
The above expression is exact in the sense that the combi-
natorics of non-overlapping kinks is explicitly accounted
for.
The derivation of the drift velocity (B7) relies on the
linear response approximation and the assumption that
all microstates with the same number of kink pairs ap-
pear with equal probability. In contrast to the solution
presented in the manuscript which is valid for z  1, here
8we did not assume a low kink density with the caveat
that kinks were not permitted to overlap. Consequently,
at high temperature the line saturates with kinks, leading
to an eventual suppression of kink creation and motion
processes. In Fig. 5 we compare the analytical expression
for drift velocity (B7) to numerical simulation. Note that
the kinetic Monte Carlo simulation here is restricted to
only permit one kink per site, in accordance with the
combinatorics of non-overlapping kinks. The onset of a
saturation in velocity is apparent at high temperature,
while at low temperature, where z  1, the velocities
are identical to the approximate solution (16).
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